IIB supergravity is reformulated with a manifest local USp(8) invariance that makes the embedding of five-dimensional maximal supergravities transparent. In this formulation the ten-dimensional theory exhibits all the 27 one-form fields and 22 of the 27 two-form fields that are required by the vector-tensor hierarchy of the five-dimensional theory. The missing 5 two-form fields must transform in the same representation as a descendant of the ten-dimensional 'dual graviton'. The invariant E 6(6) symmetric tensor that appears in the vector-tensor hierarchy is reproduced. Generalized vielbeine are derived from the supersymmetry transformations of the vector fields, as well as consistent expressions for the USp(8) covariant fermion fields. Implications are discussed for the consistency of the truncation of IIB supergravity compactified on the five-sphere to maximal gauged supergravity in five space-time dimensions with an SO(6) gauge group.
Introduction
Maximal supergravity theories in various dimensions are known to possess intruiging duality symmetries which can optionally be broken by non-abelian gauge interactions. Many of these theories can be described as truncations from eleven-dimensional supergravity or from ten-dimensional IIB supergravity in the context of dimensional compactification on an internal manifold of appropriate dimensionality. Already at an early stage this raised the question whether the higher-dimensional supergravities might somehow reflect the exceptional duality symmetries that are present in their lower-dimensional 'descendants'. This question has a long history and is also relevant for proving the existence of consistent truncations to maximal supergravities, implying that any solution of the lower-dimensional maximal supergravity can be uplifted to the higher-dimensional one.
An early attempt to answer this question was based on a reformulation of the full elevendimensional supergravity obtained by performing a suitable Kaluza-Klein decomposition to four dimensions while retaining the full dependence on the seven internal coordinates [1] . The key element here was to ensure that the resulting theory was invariant under the four-dimensional R-symmetry group SU (8) . This symmetry was locally realized with respect to all the eleven coordinates, and it was introduced by a gauge equivalent re-assembling of the original Spin(10, 1) tangent space. The resulting supersymmetry transformation rules then took a form that was almost identical to the four-dimensional ones, which do indeed exhibit the typical characteristics of the E 7(7) dualities, but now with fields that still depend on all eleven space-time coordinates. Eventually this set-up made it possible to establish the consistency of the S 7 truncation, meaning that the whole field configuration of four-dimensional SO (8) gauged supergravity can be uplifted as a submanifold in the full eleven-dimensional theory by specifying the dependence of the fields on the seven internal coordinates [2, 3] .
Recently this approach was substantially extended by including the supersymmetry transformations of dual fields, which opened a new window to accessing the E 7(7) duality properties of the full eleven-dimensional supergravity [4, 5, 6, 7] . Given these recent insights, it is a natural question whether similar structures can be derived for IIB supergravity in the context of a 5 + 5 split of the coordinates. In the present paper we confirm that this is indeed the case and we present a detailed analysis to support this. Qualitatively the results turn out to be rather similar to the case of eleven-dimensional supergravity, but many new features arise. In this case the tangent space is re-assembled such that the theory is manifestly invariant under local USp (8) . This group contains the USp(4) subgroup of the 10D tangent space group and the explicit U(1) of IIB supergravity as subgroups. Obviously the SU(1, 1) ∼ = SL(2) subgroup of E 6(6) is manifestly realized from the start. Another interesting aspect is that the five-dimensional gauged supergravity theories, when described in terms of the embedding tensor formalism [8] , involve 27 vector and 27 two-rank tensor fields which constitute the beginning of an intricate vector-tensor hierarchy [9, 10] . As we will discover in this paper, these features are also present when one retains the dependence on the extra internal coordinates for IIB supergravity, so that this vector-tensor hierarchy does emerge in a ten-dimensional context. This is undoubtedly related to the fact that in the recent work on an E 6(6) exceptional geometry that incorporates both 11-dimensional and 10-dimensional IIB supergravity, the vector-tensor hierarchy also plays a key role [11] . Irrespective of these issues, the analysis presented in this paper has to address a number of subtle technical complications that are absent in the corresponding analysis of eleven-dimensional supergravity. Many of those are caused by the fact that the field representation of IIB supergravity is more reducible than that of the eleven-dimensional one, while the supersymmetry is an extended one (i.e. N = 2).
While it is clearly significant that the approach initiated in [1] can be applied successfully to IIB supergravity, we should also point out that a wider variety of alternative approaches has been developed meanwhile. These approaches are also aimed at understanding and/or exploiting the duality symmetries in the context of M-theory and string theory, and sometimes involve substantial extensions of the conventional supergravity framework. Some of them make use of additional space-time coordinates and extended geometrical structures or duality groups. One such approach is based on generalized geometry [12, 13] , where one considers an extended tangent space that captures all the bosonic degrees of freedom, sometimes related to double field theory (see e.g. [14, 15, 16, 17, 18, 19, 20, 21] and references quoted therein). There exists also a variety of extended duality groups that have been proposed in combination with a choice of an exceptional space-time, such as in [22, 23, 24, 25] . The work in [26, 27, 11, 28] is based on extending the number of space-time coordinates subject to an 'exceptional geometry' so that the higher-dimensional theory is manifestly duality invariant.
It is worth stressing that the work described in this paper is exclusively based on the on-shell formulation of IIB supergravity, as originally constructed in [29, 30, 31] . As is well known the compactification of ten-dimensional type-IIB supergravity on a five-dimensional torus leads to five-dimensional maximal supergravity [32] with a non-linearly realized E 6(6) symmetry, whose maximal compact subgroup USp (8) coincides with the R-symmetry group. Compactification on a curved internal manifold, such as the sphere S 5 , will necessarily break some of the symmetries mentioned above. In the case of S 5 one expects to obtain the SO(6) gauging of maximal supergravity upon truncating the massive modes, because the isometry group of S 5 equals SO (6) [33] . Various results on the consistency of this truncation have already been reported in the literature (see, e.g. [34, 21] ). From the five-dimensional viewpoint, the breaking of the E 6(6) symmetry is understood as a result of the non-abelian gauge interactions, because the SO(6) gauge group is embedded into E 6 (6) .
As we discussed above, it is possible to reformulate the higher-dimensional theory upon splitting the coordinates into 5 space-time and 5 internal coordinates, while retaining the full dependence on the two sets of coordinates. To ensure that the theory takes the form of the lower-dimensional theory with fields that depend in addition on the five internal coordinates, one adopts a gauge-equivalent version of the tangent space such that the tangent space group will be restricted to the product group SO(4, 1) × SO (5) . Subsequently one combines the group SO(5) associated with the internal five-dimensional tangent space with the manifest local U(1) group of IIB supergravity. The crucial step is then to extend this product group to USp (8) , which is the R-symmetry group for five-dimensional maximal supergravity. Hence we envisage Spin(9, 1) × U(1) −→ Spin(4, 1) × USp(4) × U(1) −→ Spin(4, 1) × USp(8) ,
(1.1)
where we now refer to the universal covering groups which are relevant for the fermions. Initially only the USp(4) × U(1) subgroup is realized as a local invariance that involves all ten coordinates. In order to realize the full local USp(8) invariance, it suffices to introduce a compensating USp(8)/[USp(4) × U(1)] phase factor. The ensuing analysis will be more subtle for IIB supergravity than for 11D supergravity. The latter contains a single fermion field corresponding to the gravitino that decomposes directly into 4D gravitini transforming in the 8 representation and 4D spin-1/2 fermions transforming in the 48 + 8 representation of Spin (7) . As was first demonstrated in [35] , these fields can be reassembled upon extending the group Spin(7) to chiral SU (8) , so that the gravitini transform in the 8 ⊕ 8 representation and the spin-1/2 fields in the 56 ⊕ 56 representation of chiral SU (8) . The IIB fermion representation, on the other hand, is already reducible in 10 dimensions and consists of a complex gravitino and a complex dilatino field. The USp(4) tangent-space group can in principle be generalized for each of these fields to SU(4) ∼ = SO (6) . Furthermore, the fermions of the IIB theory transform under a locally realized U (1) . Therefore, the R-symmetry group of the 5D fermions is extended from SU(4) to SU(4) × U(1). For the gravitini this group can be directly extended to the expected USp(8) R-symmetry group, under which the gravitini will transform in the 8 representation. However, for the spin-1/2 fermions one must combine the gravitino associated with the internal space, comprising 40 symplectic Majorana spinors, with the dilatino, comprising 8 such spinors, into an irreducible 48 representation of the group USp (8) . It is clear that assembling the different IIB fermions into a single irreducible spinor that transforms covariantly under USp (8) , is a subtle task.
Therefore our strategy is to first identify the vector and tensor gauge fields and their supersymmetry transformations, subject to the vector-tensor hierarchy that is known from the embedding tensor formulation of 5D maximal supergravity [8] . Unlike in the case of 11-dimensional supergravity one must also include the tensor fields in the analysis, because in five dimensions the dynamic degrees of freedom for generic gaugings are always carried by a mixture of vector and tensor fields. Hence the vector-tensor hierarchy plays a key role here at a much earlier stage of the analysis and it is not sufficient to rely exclusively on a proper preparation of the target space as indicated in (1.1). As it turns out, five of the tensor fields are still unaccounted for, but even without these missing tensors we have sufficient information to determine the generalized vielbeine, the USp(8) covariant spinor fields, and the supersymmetry transformations of the generalized vielbeine. Using the vector-tensor hierarchy as a guide, one can incorporate the missing five tensor fields which turn out to transform in a representation that coincides precisely with that of a descendant of the 10D dual graviton [36, 37, 38] . Hence the dual graviton emerges in the form of tensor fields, unlike in the 11-dimensional situation [6] where the dual graviton resides in the vector sector. We present a basis for the vector and tensor fields which is manifestly in agreement with the E 6(6) assignments known from the 5D theory, which involves the invariant three-rank symmetric tensor of that group.
In spite of many subtle differences, the gross features of the present analysis are in agreement with those of 11-dimensional supergravity, implying that the approach that has been adopted is sufficiently robust to be applied to more complicated situations. The supersymmetry transformations of the fields are covariant under local USp(8) transformations. The results opens the way to study many other detailed questions, such as the consistency of the truncation to the SO(6) gauging of maximal five-dimensional supergravity or other consistent truncations along the lines followed in [39] . Also the precise relation with the consistent Kaluza-Klein truncations using exceptional field theory [40] are worth pursuing, as well as many other issues that have recently emerged.
This paper is organized as follows. In section 2 the relevant properties of IIB supergravity are summarized and the conventions are defined. Subsequently, in section 3, the Kaluza-Klein decompositions are carried out to ensure that the fields transform covariantly from the viewpoint of the 5D space-time. Also the conversion to 5D spinors and gamma matrices is discussed as well as the proper definitions of the 5D vector and tensor fields that emerge directly from the 10D boson fields. As it turns out, further redefinitions on the vector and tensor fields are required such that they transform under supersymmetry in a way that is consistent with the vector-tensor hierarchy. In section 4 the dual vector and tensor fields are introduced. Again their proper identification is based on covariance in the 5D space-time and on the vector-tensor hierarchy. As it turns out there are only 22 tensor fields at this stage. It is then demonstrated how the missing fields can emerge from a component of the 10D dual graviton. This enables one to obtain the symmetric E 6(6) tensor that appears in the transformation rules of the tensor fields. At this point the supersymmetry transformations of the bosonic vector and tensor fields clearly resemble the transformation rules encountered in the pure 5D theory as presented in [8] , including those related to the vector-tensor hierarchy. By direct comparison between the supersymmetry transformations of the vector fields arising from ten dimensions and the five-dimensional ones, explicit expressions for the generalized vielbeine are derived in section 5. In addition the USp(8) covariant definitions of the spinor fields are obtained, as well as the supersymmetry transformations of the generalized vielbeine. A similar strategy is then applied to the tensor fields, which leads to a corresponding set of generalized vielbeine. Upon adopting suitable normalizations of the vector and tensor fields one can show that this new set of vielbeine constitutes the inverse of the generalized vielbeine determined in the vector sector. In section 6 the supersymmetry transformations of the fermions are considered and it is shown that they take a USp(8) covariant form. Finally, in section 7 the question of the consistent truncation to SO(6) gauged maximal 5D supergravity is adressed. We include two appendices, A and B, dealing with the definition and decomposition of gamma matrices and the spinor and R-symmetry representations associated with the various groups emerging upon decomposing the tangent-space into two separate 5D subspaces.
Summary of IIB supergravity
Here we summarize the relevant results for IIB supergravity in ten space-time dimensions [29, 30, 31] . The theory is described in terms of a zehnbein E M A , a gravitino field ψ M , a spinor field λ, a complex three-rank tensor field strength, G M N P , a five-rank field strength F M N P QR subject to a duality constraint, a complex vector P M and a U(1) gauge field Q M . The fermions are complex and have opposite chirality,Γ
2) whereΓ 11 = iΓ 1Γ2 · · ·Γ 10 , withΓ A denoting the 10-dimensional gamma matrices. The fermions transform under local phase transformations according to
3)
The zehnbein E M A and the field strength F M N P QR are invariant under U(1), unlike the other quantities, which transform as follows,
The vectors P M and Q M satisfy the Maurer-Cartan equations associated with the coset space SU(1, 1)/U(1), which is parametrized by the scalar fields of the theory,
In this section the derivative D M is covariant with respect to local Lorentz and local U(1) transformations. The coset representative can be expressed in terms of an SU(1, 1) doublet φ α , (α = 1, 2), transforming under U(1) as 6) and subject to the SU(1, 1) invariant constraint,
In what follows we use the convenient notation φ α ≡ η αβ (φ β ) * , with η αβ = diag(+1, −1), so that the above constraint reads φ α φ α = 1. In this convention the vector fields take the following form,
where the Levi-Civita symbol is normalized by ε 12 = ε 12 = 1. Note that η αβ ε βγ η γδ = −ε αδ . We note the following useful identities,
Let us now turn to the tensor field strengths. The theory contains two tensor fields A α M N transforming under SU(1, 1) ∼ = SL(2). Here we use a pseudoreal basis with A α M N = ε αβ (A M N ) β , where the convention for lowering and raising of indices is the same as for φ α . Their field strengths are defined as follows,
(2.10)
The tensor fields are subject to rigid SU(1, 1) transformations, just as the scalar fields φ α , and to tensor gauge transformations. The latter read
Furthermore we have a 4-rank antisymmetric gauge potential A M N P Q , which transforms under two types of gauge transformations
The corresponding 5-form field strength is defined by
The 3-and 5-rank field strengths satisfy the following Bianchi identities,
In addition there is a constraint on the 5-index field strengh which involves the dual field strength,
From the chirality of the fermion fields it follows that the fermionic bilinears in (2.15) are antiselfdual, which is obviously required because otherwise (2.15) would decompose into two independent constraints that would overconstrain the system. Originally (2.15) was derived in superspace [31] . Suppressing the fermionic terms would imply that the bosonic field strength should be self-dual. Note that the constraint (2.15) is supersymmetric and it must transform into the fermionic field equations. Upon combining it with the Bianchi identity (2.14), one obtains the field equations for A M N P Q . Let us now turn to the fermions ψ M and λ. The supersymmetry transformations for the spinor fields are as follows, 16) where the quantitiesΓ M N ··· denote anti-symmetrized products of 10D gamma matrices, and D M ǫ contains the spin-connection field ω M AB and the U(1) connection Q M ,
Here ǫ is the space-time spinor parameter of supersymmetry. In (2.17) we have introduced the Majorana conjugate of a 10D spinor ψ, which is defined by
HereC ± denotes the charge conjugation matrix in 10 space-time dimensions which can be either symmetric or anti-symmetric. The gamma matrix conventions are discussed in detail in appendix A, but for the convenience of the reader we notȇ
We also note the following equation for spinor bilinears with strings of gamma matrices,
For type-IIB supergravity we have chiral spinors comprising 16 complex components. One can show that ψ and ψ c have the same chirality (see appendix A for details) and since the spinors are complex (so that ψ c = ψ) one can adopt a pseudo-real representation by combining ψ and ψ c into a 32-component chiral spinor Ψ = (ψ, ψ c ), subject to
We have refrained from imposing the supersymmetric constraint (2.15) so that it makes sense to include a term proportional to (F M N P QR ) 2 , and furthermore we have included a Chern-Simons term that is invariant under tensor gauge transformations up to a total derivative. It is then straightforward to show that the field equation for the 4-form field that follows from this Lagrangian is consistent with the constraint (2.15) upon using the second Bianchi identity (2.14).
Here we should remind the reader that there are extensive discussions in the literature about manifestly covariant Lagrangians that imply self-duality constraints for tensor fields (see, for instance, [41] , where also the Chern-Simons terms is presented, and references cited therein). However, these features are not relevant for our purpose. We also recall that the field equations are already encoded in the supersymmetry transformations, as supersymmetry is only realized on-shell, so that one can determine most terms in (2.26) by imposing super-covariance of the field equations, just as was done in [30] . Our results are also consistent with [31] where an on-shell superspace treatment of IIB supergravity was presented. For further convenience we list some of the field equations,
whereD M λ denotes the supercovariant derivative of the spinor λ and D [M ψ N ] the supercovariant curl of the gravitino. Here we suppressed higher-order fermion terms. However, in section 4, we will need the field equations for the two-form fields including the terms quadratic in the fermions. They follow directly from the Lagrangian (2.26) and can be written as follows, 28) where the seven-rank anti-symmetric tensors F M N P QRST α are equal to
Note that the normalization of this tensor is arbitrary but the phase is dictated by the fact that its pseudo-reality condition is in line with that of the other pseudo-real fields.
3 Kaluza-Klein decompositions and additional field redefinitions
The strategy in this paper is to describe IIB supergravity as a field theory in a five-dimensional space-time, while still retaining the dependence on the five additional coordinates that describe an internal space. Hence the 10D coordinates are decomposed according to x M → (x µ , y m ), where x µ are regarded as the space-time coordinates and y m as the coordinates of the internal manifold. Eventually, in a given background, the fields may be decomposed in terms of a complete basis of functions of the internal coordinates. For the T 5 background this is rather straightforward; the spectrum of the tower of Kaluza-Klein supermultiplets for S 5 has been studied in [42, 43] . However, at this stage we will not be assuming any particular space-time background and neither will we be truncating the theory in any way. We are only reformulating the theory in a form that emphasizes the five-dimensional space-time.
A crucial ingredient in this reformulation is provided by a change of the tangent-space group, which we have already indicated in (1.1). First we impose a gauge choice, reducing the 10D local Lorentz group to the product group SO(4, 1) × SO(5), whose universal covering group equals Spin(4, 1) × USp(4). The fermions then transform according to the product representation of this group, so that from a five-dimensional space-time perspective we are dealing with four complex Spin(4, 1) spinors, each carrying four components. The fermions are subject to an extra local U(1) group, and the product group USp(4) × U(1) must be contained in the 5D R-symmetry group. Obviously we have to convert the 10D gamma matrices to those appropriate for five space-time dimensions, equiped with two sets of mutually commuting gamma matrices, one associated with space-time and the other one with the internal space. In due course we will also have to recombine the spin-1/2 fermion fields into an irreducible representation of the group USp (8) , which is the R-symmetry group for eight symplectic Majorana supercharges in a 5D space-time. This last redefinition will be considered in section 5.
The next step is to redefine the fields such that they transform covariantly under the 5D space-time diffeomorphisms. These Kaluza-Klein decompositions were systematically discussed in the context of the T 7 reduction of 11D supergravity to 4D supergravity [35] . Furthermore, we will find that the vector and tensor fields require additional redefinitions beyond the Kaluza-Klein ones in order to generate transformations that reflect the vector-tensor hierarchy [8] .
The standard Kaluza-Klein decompositions start with the vielbein field and its inverse, which we write in triangular form by exploiting the 10D local Lorentz transformations,
Here we used tangent-space indices α, β, . . . associated with the 5D space-time and a, b, . . . associated with the 5D internal space. 1 The scalar factor ∆ is defined by,
wheree m a is some reference frame for the internal space parametrized by the coordinates y m .
The rescaling of the fünfbein is such that the gravitational coupling constants in 10D and 5D are related by
, so that we are in the 5D Einstein frame.
An important feature of the gauge choice made in (3.1) is that it must be preserved under supersymmetry. This requires to add to the 10D supersymmetry transformations a uniform field-dependent Lorentz transformation with a parameter equal to
where ψ a = e a m ψ m . The supersymmetry transformation of e a m is not affected by the compensating Lorentz transformations, so that we have
One can now determine the supersymmetry variation of the fünfbein e µ α , taking into account the compensating Lorentz transformation (3.3) and the effect of the factor ∆. Insisting on the fact that e µ α transforms into the 5D gravitino field in the same way as before, one then derives a modified gravitino field, 5) and likewise for ψ µ c . This field transforms covariantly under 5D space-time diffeomorphisms by virtue of the presence of the field B µ m . Accordingly we also perform field-dependent scale transformations on the supersymmetry parameter, the gravitino components ψ a and the dilatino,
Subsequently we must convert to different gamma matrices that decompose into two commuting Clifford algebras corresponding to the 5-dimensional space-time and the 5-dimensional internal space, which must both commute withΓ 11 so that they will be consistent with the 10D chirality restriction on the original spinors. As mentioned previously every 10D spinor decomposes into four complex Spin(4, 1) spinors. The gamma matrix conversion is discussed in detail in appendix A and the results can be summarized as follows. The 32 × 32 gamma matricesΓ A can be written asΓ
whereΓ 11 = iγΓ withγ andΓ mutually anti-commuting hermitian matrices that square to 1l 32 . The tangent space indices in the 5 + 5 split were already defined below (3.1). 2 Bothγ α and Γ a anti-commute withγ andΓ (and therefore commute withΓ 11 as insisted on before). They generate two commuting five-dimensional Clifford algebras. Furthermore, we will insist on the Majorana conditionĈ −1ψT = ψ c for all the 5D spinor fields, whereĈ is defined in terms of the 10D charge conjugation matrix in (A.13). For the gravitino fields and the supersymmetry parameters this leads to the following relations between 10D and 5D fields,
,ψ
where ψ denotes either ψ M or ǫ.
For the dilatino field λ the situation is somewhat different in view of the fact that we wish to change its chirality by absorbing the matrixΓ. This conversion is of course no longer consistent with 10D Lorentz invariance, but it is convenient to define all the spinor fields with the same (positive) chirality.
Once these modifications have been performed, one can simply restrict oneself to the 16-dimensional subspace corresponding to the eigenspace ofΓ 11 with eigenvalue +1. After this one drops the carets on γ α and Γ a and thus obtains a description in term of 16-component complex spinors, with two mutually commuting sets of gamma matrices γ α and Γ a . Note that this is consistent with using the charge conjugation matrixĈ, which was introduced as a 32-dimensional matrix but which commutes with the chirality operator (i.e. charge-conjugated fields carry the same chirality). With these conversions the relation (3.5) for the 10D gravitino field ψ M with M = µ in terms of the 5D fields reads
Observe that here and henceforth γ µ ≡ e µ α γ α and Γ m ≡ e m a Γ a , where the vielbein fields e µ α and e m a are defined in (3.1).
In this way one finds the following transformation rules for the 5D fields emerging from E M A as defined in (3.5) and (3.6),
up to an infinitesimal 5D local Lorentz transformation with a parameter proportional to Γ m ψ m . Since we will be suppressing terms of higher orders in the spinor fields, these transformations will not play a role when evaluating the fermion transformation rules later in this section. Here and in the following we are exclusively considering the 5D fields, so that we have dropped the additional labels.
We also evaluate the supersymmetry variations of the scalars and the dilatini,
where the tensors P and G refer to the components of P A and G ABC , which are defined with 10D tangent-space indices. Subsequently we derive the expressions for the supersymmetry variation of the gravitino fields up to terms of higher order in the fermion fields, which will now also involve the components of the field strength F ABCDE and the spin-connection fields written with 10D tangent-space indices. We first list the gravitino fields that carry a 5D space-time vector index,
where we made use of the self-duality condition on the field strength (2.15) and the gamma matrices defined in appendix A, and in particular of (A.17), to simplify the terms involving the various components of the field strength F ABCDE . The transformation rules for the gravitini that carry a vector index of the internal 5D space are given by
The next topic concerns the rank-2 tensor fields A α M N , which decompose into twenty scalars A α mn , ten 5D vectors A α µm and two 5D 2-rank tensors A α µν . Their consistent Kaluza-Klein definitions are as follows,
Their supersymmetry variations take the form,
where we have suppressed the KK-label on both sides of the equations. Subsequently we consider the 4-rank tensor A M N P Q which decomposes into five 5D scalars A mnpq , ten 5D vectors A µmnp , ten 5D 2-rank tensors A µνmn , five 5D 3-rank tensors A µνρp and one 5D 4-rank tensor A µνρσ . Their consistent definition is
The supersymmetry variations for these fields then take the following form,
where again we suppressed the KK-label on both sides of these equations. Let us review the various fields that we have obtained and compare them with the fields that are generically contained in maximal 5D supergravity. First of all we have the fünfbein field e µ α and the eight independent gravitini fields consisting of the fields (ψ µ , ψ µ c ). Furthermore there are 48 spin-1/2 fields consisting of (ψ a , ψ a c ), and (λ, λ c ).
Then there are 42 scalar fields, consisting of e m a , φ α , A α mn and A mnpq . The field e m a corresponds to 15 scalars and the fields φ α to 2 scalars upon subtracting the degrees of freedom associated with tangent space transformations of the internal space and local U(1) transformations. The fields A α mn and A mnpq describe 20 and 5 scalars, respectively. The total number of scalars is thus equal to the dimension of the E 6(6) /USp(8) coset space that parametrizes the scalars in 5D maximal supergravity.
To appreciate the systematics of the vector and tensor fields we introduce the following (re)definitions. The 25 vector fields that we have obtained at this stage will be denoted by 19) where the extra term in the definition of C µ mnp has been included such that its supersymmetry variation will not contain the vector field. Observe also that in the above result we have suppressed the KK-label for the scalar field A β np ; henceforth we will do this consistently for both A β np and A mnpq . The fields C µ m and C µ mnp can be combined into the 15-dimensional anti-symmetric representation of SL (6) . The remaining vector fields C µ α m transform as five doublets under SU(1, 1) ∼ = SL (2) . As compared to the vector fields of 5D maximal supergravity, we should expect six such doublets. As we will show in the next section, the extra doublet will emerge from a dual tensor field, A α M N P QRS , which leads to the fields A α µmnpqr . In view of the self-duality constraint (2.15), we do not expect any tensor fields dual to A M N P Q .
The 25 vector fields (3.19) transform as follows,
Furthermore we have identified 12 two-rank tensor fields, which we define by
The supersymmetry transformations of these tensors are expressed by
These transformation rules are in line with what is known from the vector-tensor hierarchy that appears in the context of the embedding tensor formalism [8, 10] . We have actually verified that also the variation of the three-rank tensor fields, A µνρm KK listed in (3.17) will exhibit the same structure upon introducing a suitable modification. Since we will not be considering tensors of rank higer than two, we refrain from giving further details. At this point the number of tensor fields is less than the 27 fields that one expects on the basis of 5D maximal supergravity in the context of the embedding tensor formalism. Ten extra 2-rank tensors A α µνmnpq will be provided by the dual field, A α M N P QRS , which will bring the total of 2-rank tensors to 22. The dual vectors and tensors are evaluated in the next section.
Dual fields and the vector-tensor hierarchy
In (2.28) we presented the field equation for the tensor fields A α M N written as a Bianchi identity of the seven-rank field strength F α M N P QRST defined in (2.29). The field equation thus implies that this field strength can be written in terms of a dual six-form field A α M N P QRS according to
It is not possible to derive an expression for A α M N P QRS in closed form, but it is possible to determine how this field transforms under supersymmetry. Obviously, the Bianchi identity (2.28) should transform under supersymmetry into fermionic equations which are of at most first order in derivatives. Therefore one expects that F α M N P QRST transforms into fermionic field equations and into terms that carry explicit space-time derivatives such that they can be identified as the result of the supersymmetry variation of the dual six-form. Because the field equations are supercovariant all the contributions of the variation of the six-form can be identified from the terms that are proportional to the derivative of the supersymmetry parameters. The consistency of this approach can easily be verified and it leads to the following result,
In particular we note the dual fields A α µmnpqr and A α µνmnpq , which constitute two 5D vector fields and twelve 5D tensor fields transforming under SU(1, 1). We first consider the transformation rule of the vector field A α µmnpqr , which takes the following form,
where on the right-had side all the fields have been subject to Kaluza-Klein redefinitions. The field A α µmnpqr already transforms consistently as a vector in the 5D space-time because tensors anti-symmetric in more than five internal-space indices must vanish. The consistency of the above result is confirmed by the fact that no terms are generated proportional to the Kaluza-Klein vector field B µ m , simply because the corresponding terms are fully anti-symmetric in six internal-space indices and therefore vanish. However, from the perspective of the vector-tensor hierarchy further redefinitions are required, as the supersymmetry variations should not contain any vector fields, but at most variations of vector fields. A preliminary analysis suggests to add modifications that are quadratic and cubic terms in the four-and two-form fields but here we have to make sure that also the modification itself transforms consistently as a vector in the 5D space-time. This leads us to the following redefinition,
where C µ α m is a proper vector field defined in (3.19) . Under supersymmetry the field C µ αmnpqr transforms in the required way,
where, for conciseness, we refrained from substituting the explicit expressions for C µ m , δC µ α m and δC µ mnp in the right-hand of the last equation.
Subsequently we consider the tensor field A α µνmnpq . To ensure that this field transforms as a proper 5D tensor one performs the standard Kaluza-Klein redefinition,
This modified tensor field transforms as
where we again dropped KK-label on both sides of the equation. Again this result is not consistent with regard to the vector-tensor hierarchy so that further redefinitions of the tensor field are required. As it turns out, they take the following form,
where on the the right-hand side the KK-labels have again been suppressed. The transformation rule of C µν αmnpq takes the form
To conclude this section let us summarize the situation regarding the vector and tensor fields. We have identified precisely 27 vector fields, namely,
For the tensor fields the situation is somewhat different. First of all, we expect 27 tensor fields whereas previously we found only 22 fields. Secondly, we note that the tensor fields, which we will denote by C µν Q , carry different indices. The vector-tensor hierarchy implies that there must be 5 additional tensor fields and furthermore requires the existence of a constant tensor
Assuming that the overall covariance of this expression must be preserved and that precisely five additional fields are needed, one deduces that these five fields can be precisely represented by new fields C µν m;npqrs , where the array [npqrs] is fully antisymmetric. Hence the decomposition of the 27 tensors takes the following form, in direct analogy with (4.10),
The new field C µν m;npqrs indeed has the representation that is expected from the dualization of 10D gravity [36, 37] (although this dualization can not be fully understood at the non-linear level in 10D [38] ). The systematics of the vector and tensor fields can be improved upon converting to dual representations by extracting the anti-symmetric tensorse ε mnpqr and/or ε αβ . Note that the first tensor depends only on the reference background of the internal space, because of the definition e(y) ≡ det[e m a (y)], and not on the space-time coordinates x µ . Hence these conversions have no bearing on the supersymmetry transformations nor the vector and tensor gauge transformations. Now consider the following redefinitions for the vector fields, At this point it makes sense to compare our results for variations of the tensor fields to the corresponding expressions known from maximal 5D supergravity [8] . In the latter case these variations are encoded in the symmetric three-rank E 6(6) invariant tensor d M N P ,
Expressions such as these are characteristic for the vector-tensor hierarchy. Obviously the tensor d M N P decomposes into three SL(2) × SO(5) invariant components, 16) where normalization factors are not specified because they can be changed by rescaling the normalization of the vector and tensor fields. Nevertheless the fact that a single symmetric tensor d M N P must encode the variations above for all the fields does pose certain restrictions on the relative normalizations of vectors and tensor fields, especially because the product of the normalization of a tensor and its corresponding dual vector is constrained, just as in the maximal 5D theory [8] . We return to this issue in the next section, but note that this normalization condition has been incorporated when adopting the rescalings of the vector and tensor fields in (4.12) and (4.13), repectively. It then turns out that the following expressions for the independent components of the combined variations (4.15) must be equivalent to the following, 17) where the last line is not derived directly from the 10D supergravity as the tensor field C µν m is associated with the elusive dual graviton. Nethertheless it is remarkable that one can also derive the coefficients in the variation of C µν m by comparing to the 5D vector-tensor hierarchy.
Generalized vielbeine and USp(8) covariant spinors
The spinor fields ψ µ , ψ µ c , ψ a , ψ a c , λ and λ c , which were defined in section 3, obviously transform under the Spin(4, 1) × USp(4) subgroup of the 10D tangent space group Spin(9, 1). Hence every 10D spinor consists of four complex Spin(4, 1) spinors which rotate among each other under USp(4) transformations. In the following we will not consider the Spin(4, 1) aspects but concentrate on the extension of the USp(4) transformations to the full automorphism group of the 5D space-time Clifford algebra. This so-called R-symmetry group contains also the U(1) group of IIB supergravity (which can be regarded as the 10D R-symmetry group) and it can be further extended by realizing that the spinors can actually transform under SU(4) ∼ = SO(6) (for instance, by regarding them as chiral spinors of SO (6)). It is then convenient to introduce corresponding SO(6) gamma matrices as well, which requires to combine the spinors with their charge conjugates, i.e. ψ µ with ψ µ c , and likewise, ψ a with ψ a c , and λ with λ c . This is described in detail in appendix B. The SO(6) gamma matrices will be denoted by Γâ, withâ = 1, . . . , 6, and act on the eight-component pseudo-real spinors. We may then introduce the chirality operator
, which decomposes as Γ 7 = 1l 4 ⊗ σ 3 , so that the SO(6) chirality of the charge conjugate fermions is opposite to the original ones. Here we are using a basis where the positivechirality (negative-chirality) components carry positive (negative) U(1) charge. In this section and henceforth we will be using these 8-component spinor arrays whenever possible (labeled by indices A = 1, . . . , 8) and they will simply be denoted by ψ µ A , ψ a A and λ A . Each of these spinors are then 5D symplectic Majorana spinors, i.e.,
where C is the charge conjugation matrix in five space-time dimensions and Ω is the antisymmetric USp(8) invariant tensor. The appearance of Ω indicates that the full R-symmetry group is equal to USp(8), as is to be expected for 5D spinors. Indeed, the gravitini ψ µ A transform consistently in the 8 representation of this extended R-symmetry group. However, the fields ψ a and λ cannot possibly transform in the 8 representation, in view of the fact that the U(1) charges of the fields ψ a A and λ A are equal to ±1/2 and ±3/2, respectively. Therefore those fields must transform in a different representation of the USp(8) group. In view of the values for the U(1) charges and the fact that ψ a A and λ A define precisely 48 5D symplectic Majorana spinors, these fields must combine into the 48 representation of the group USp (8) . At this point we should recall that only the USp(4) × U(1) subgroup is realized as a local gauge invariance, as they originate from the symmetries of 10D IIB supergravity that were already realized as local ones. As we have stressed in the introduction, the full USp(8) R-symmetry group can be realized locally upon introducing a compensating phase factor belonging to USp(8)/[USp(4) × U(1)]. We will postpone the introduction of this phase factor till later, so that the present calculations will describe the results subject to a gauge condition that sets the compensating phase factor equal to unity. However, it is important to realize that the local transformations depend on both sets of coordinates, x µ and y m . This is the reason why we adopted the indices A, B, . . . for the spinors in this case, while in the maximal 5D supergravity, the spinors will carry indices i, j, . . . with local R-symmetry transformations that depend only on the space-time coordinates x µ . This issue will be important in section 7, when considering the truncation of 10D supergravity to 5D, In the previous section we have identified 27 vector fields C µ M as listed in (4.12), which transform under supersymmetry into the symplectic Majorana spinors ψ µ A , ψ a A and λ A . As it turns out the supersymmetry variations of these fields can be written in the same way as the variations of the vector fields in 5D maximal supergravity [8] , . By comparing these expressions to (5.2) we obtain explicit representations of the so-called generalized vielbeine V AB M , which depend on all 10D coordinates. Furthermore we can deduce the explicit relation between the USp(8) covariant spinor field χ ABC and the fields ψ a A and λ A . In the same fashion one can evaluate the supersymmetry transformations of the tensor fields, a topic that will be dealt with at the end of this section. Matrices in spinor space can be decomposed into direct products of the 5D gamma matrices γ µ and the SO(6) gamma matrices. The latter products can be conveniently decomposed into 28 anti-symmetric matrices Ω, Ω Γâ, Ω ΓâΓ 7 and Ω ΓâbΓ 7 , and 36 symmetric matrices Ω Γ 7 , Ω Γâb and Ω Γâbĉ. The latter are proportional to the anti-hermitian generators of USp(8) (note that the matrices Γâb are the generators of the group SU(4) ∼ = SO(6)). Before obtaining a representation of the generalized vielbeine V AB M we note that the USp(8) transformations of the spinors ψ µ A and ǫ A have been defined in appendix B, and they imply that the bilinears Ω ACǭ C ψ µ B transform in the 27 representation of USp (8) . Since the vector fields are not subject to the R-symmetry, it follows that the generalized vielbeine V AB M transform in the same representation, so that they can be expanded in the corresponding gamma matrix combinations,
which defines the branching of the 27 representation of USp(8) with respect to SO(5) (which directly follows via the branching with respect to SO(6)),
27
SO (6) −→ 6 +6 + 15
The generalized vielbeine can now be directly determined from the supersymmetry transformations of the vector fields, which leads to
In the above equations we have now included the compensating phase factors Φ A B that were discussed earlier, which enable the USp(8) R-symmetry group to be realized locally. The phase factors are simply generated by a redefinition of the fermion fields, as Φ ∈ USp(8) is assumed to transform under the action of USp(8) from the right and under USp(4) × U(1) from the left, so that fermion fields Φ † Ψ, where Ψ denotes the original fields in a proper basis, transform indeed under this local group. Previously we have assumed the gauge condition Φ = 1l which suffices to carry out most of the various calculations. In fact, we will continue to use this gauge condition in most of what follows. The phase factors can always be introduced later to elevate the Rsymmetry group to a local invariance group. This is in direct analogy of what was done for 11D supergravity [1] .
The next task is to establish the relation between the USp(8) covariant spinors χ ABC and the spinors originating from 10D, ψ a A and λ A . Comparing the terms proportional to these fields in the supersymmetry variations of the vector fields, one finds the following set of equations,
These are the relations that determine the (linear) relation between the spinors ψ a A and λ A and the USp(8) covariant spinors χ ABC . Just as in 11D supergravity, where the expression for the 4D spinors χ ABC as first given in [35] is only unique up to Fierz reordering, there are various different ways to express the solution for χ ABC . One solution follows by substituting the SO(6) covariant parametrization derived in appendix B into (5.7), which then leads to (B.21). However, given that the ansatz for χ ABC is not unique, one might wonder whether there exists an alternative version of this solution that may be even more concise. Indeed we have found such a solution taking the form
which also satisfies (5.7). Its equivalence to (B.21) has been confirmed by demonstrating that both solutions are related by Fierz reordering to a single expression that involves eight different structures. This result satisfies the reality condition (5.3) and vanishes upon contraction with Ω AB . Note also that the above expression should in principle have been contracted with three different phase factors Φ † as was discussed above. For clarity of the presentation we have set Φ = 1l. Subsequently we derive a formula for the supersymmetry transformations of the generalized vielbeine V AB M . For maximal 5D supergravity [8] there exists the following expression (with indices i, j, . . . replaced again by A, B, . . .),
This result is expected to be identical to the result that one obtains by calculating the variations of the generalized vielbeine (5.6) induced by the supersymmetry transformations of the scalar fields, Based on the similar construction for 11D supergravity [1] , we expect the supersymmetry transformations of the vielbeine induced by the variations (5.10) to coincide with (5.9) up to a uniform USp(8) transformation. By very laborious calculations we have been able to demonstrate that this expectation is correct so that (5.9) can be regarded as the supersymmetry transformation rule for the vielbeine. More precisely, the results induced by (5.10) take the form
where Λ A B is the field-dependent infinitesimal USp(8) transformation given by
We now proceed with the supersymmetry transformations of the tensor fields C µν mn , C µν αm and C µν α that were defined in (4.11), following the same approach as for the vector fields. Their supersymmetry transformations follow upon substituting the results specified in (3.22) and (4.9). Subsequently we compare them to the five-dimensional transformation rules for the tensor fields [8] with the indices adjusted as before,
In 5D maximal gauged supergravity the tensor fields constitute a 27 representation of E 6(6) . From IIB supergravity we have initially identified only 22 different tensor fields. The missing five tensors C µν m have been identified as originating from a component of the 10D dual graviton. The second term on the left-hand side of (5.13) has already been specified in (4.17) . From the terms in (5.13) proportional to ψ µ C one can directly obtain the following expressions for the 22 components of V M ij , by making use of the supersymmetry transformations of the corresponding tensors derived in the previous sections,
where we have again included the phase factors Φ. Before discussing how to obtain the missing components of V M AB that are associated with the dual graviton, we first consider the contractions of the form V M AB V AB N making use of the expressions (5.6) and (5.14). As it turns out the only non-zero contractions are given by
This condition is actually identical to the one that holds in 5D maximal gauged supergravity. In the same spirit as before, we may assume that (5.16) holds in this case as well, and this then enables us to also determine the five missing components V m AB ,
Note that the conditions (5.16) implies that also the supersymmetry transformations of the V M AB are determined and take the same form as the corresponding supersymmetry transformations in 5D maximal supergravity. Needless to say, the results obtained from the vector fields on the covariant spinors χ ABC can be verified also from the perpective of the transformations of the tensor fields. The results turn out to be mutually consistent. This completes the evaluation of the bosons and their supersymmetry transformations. We have succeeded in identifying these fields from IIB supergravity such that the results resemble as closely as possible the structure of the 5D maximal gauged supergravities [8] while retaining the full dependence on all ten coordinates. For the fields associated with the dual graviton, we obtained their supersymmetry transformations by requiring them to be consistent with the global structure exhibited for the other fields. In this way the results exhibit covariance with respect to the duality group E 6(6) , although the IIB theory is not in any way invariant under this group. This is further confirmed by the fact that the following representation of the invariant tensor d M N P which was noted for maximal 5D supergravity [8] ,
is also satisfied here, as this expression precisely reproduces the tensor d M N P as specified in (4.17).
As a final comment we note that the generalized vielbeine are pseudo-real. This property is inherited form the (pseudo-)reality of the tensors and the fermionic bilinears. We remind the reader that taking complex conjugates of vielbeine that carry the SU(1, 1) requires the contraction with a two-dimensional metric η αβ = diag(+1, −1) in order to obtain a covariant quantity (see section 2).
The fermion transformation rules
In the previous sections we concentrated mostly on the supersymmetry transformations of the vector and tensor fields. Their supersymmetry transformations take the form of USp (8) invariant contractions between covariant spinor bilinears with the generalized vielbeine. This is consistent with the fact that the vector and tensor fields are invariant under the R-symmetry. Also the space-time fünfbein is invariant under USp(8), and so is its supersymmetry transformations. The scalar fields do not transform covariantly (c.f. (5.10) ), but indirectly they do respect the USp(8) symmetry as their supersymmetry transformations induce covariant variations on the generalized vielbeine. In view of the above it is therefore of interest to consider the supersymmetry transformations of the fermion fields, ψ µ A and χ ABC , to verify whether they will also take a
USp (8) covariant form. These results will not only complement the previous results, but they will enable one to properly identify various bosonic USp (8) tensors. Here we follow the same strategy as was applied to 11D supergravity [1] . As it will turn out, the global structure of the results of the ensuing analysis is rather similar. The analysis starts with the fermionic transformation rules given in (3.12)-(3.14), but now written with eight-component symplectic Majorana spinors and SO(6) gamma matrices. We start by presenting the spin-1/2 fields, ψ a A and λ A , which transform as follows under supersymmetry (up to terms of higher order in the fermions),
where we employed the SO(6) chiral projection operators P ± = 1 2 1l ± Γ 7 . To verify that these results are consistent with USp(8) R-symmetry is subtle and requires us to first combine the two equations (6.1) into the covariant tri-spinor variation δχ ABC . For this one makes use of (5.8). Since this is rather involved, let us first proceed to the gravitino variation and return to the spin-1/2 variations at the end of the section.
The supersymmetry transformations of the gravitino fields ψ µ A take the following form, where we have ordered the various terms in a particular way in view of what will follow,
where we haved used the same notation as in (6.1) and have suppressed terms of higher-order in the fermion fields. It is worth noting at this point that some terms already combine into representations of USp (8) . In particular, the terms in the second bracket span the 36 and thus take values in usp (8) and those in the third bracket span the 27 representation of USp (8) . The structure of the last two brackets is more subtle and will be discussed momentarily.
Following [1] , the next step is to expand the components of the 10D spin connection about the reference background of the internal 5D space characterized by the fünfbeine m a (y). To this purpose, we write the spin connection in terms of the anholonomity coefficients, which depend on the zehnbein and its derivatives,
, .1), n ∂ men c , (6.6) and possibly the corresponding Christoffel connection, depending on the tensor it acts on. These results exhibit, up to dimension dependent coefficients, the same structure as in the 11D case and we refer to [1] for further details. After substitution of the expressions (6.5) into (6.2) and some rearrangements, one obtains the following result, 
Here the modified spin connectionω µ αβ is defined bŷ
where ω µ αβ is the regular torsion-free spin connection expressed in terms of the fünfbein e µ α .
The two USp (8) connections, Q µ A B and Q m A B , are equal to
The field strength H αβ AB spans the 27 of USp (8) and reads
Finally we have used the identity
With these definitions the local USp(8) covariance of the gravitino supersymmetry variations has been established. Now we return to the supersymmetry transformations of the spin-1/2 fields. Upon combining the results (6.1) into the covariant form δχ ABC , one obtains, after some rearrangements similar to those used in δψ µ A ,
In this expression two new tensors appear, P µ ABCD and P m ABCD , which transform in the 42
representation of USp (8) . These tensors also appear in the so-called vielbein postulates,
Note that these expressions are similar to the corresponding postulates in 11D [1] . Such equations will apply to all the generalized vielbeine, but we refrain from presenting further results. Note that we have again written B µ m as C µ m .
Both the supersymmetry transformations (6.7) and (6.13) thus take a manifestly USp(8) covariant form. The two new tensors, P µ ABCD and P m ABCD , are defined by (in the gauge where the phase factor Φ is set to unity)
[ABΩCD]
and
Note that the above formulae (6.15) and (6.16) are unique up to Fierz reordering.
7 On the consistent truncation to 5D SO(6) gauged supergravity
The results of this paper can be used to establish the full consistency of the truncation of IIB supergravity compactified on the sphere S 5 to 5D SO(6) gauged supergravity [33] , along the same lines that were followed originally for the truncation of 11D supergravity compactified on the sphere S 7 to 4D SO(8) gauged supergravity [44, 45, 46, 3, 4, 2] . For IIB supergravity some partial results have already appeared in the literature [34, 21] and they will be confirmed below from the results of this paper. It is clear that additional results can be obtained by a more complete analysis, but a full treatment is outside the scope of this paper. The same holds for a study of more general truncations along the lines pursued in [39] for 11D supergravity. It is worth stressing that this concept of a consistent truncation goes beyond proving that solutions of 5D maximal SO(6) gauged supergravity can be uplifted to the IIB theory. Rather, starting from the fully supersymmetric solution with AdS 5 × S 5 , one sweeps out the full field configuration of 5D maximal supergravity in the ten-dimensional field configuration space. This is done by writing the 10D fields as functions of the 5D fields, involving by y-dependent functions, mostly constructed from the S 5 Killing spinors, in such a way that the 10D supersymmetry transformations remain consistent upon extracting these y-dependent factors. In the case at hand these eight independent, pseudo-real, Killing spinors, η A (y), satisfy
Here m 5 denotes the inverse S 5 radius which is related to the background value of the field strength F mnpqr by m 5 = 1 120e ε mnpqrF mnpqr . FurthermoreD m equals the S 5 background covariant derivative ande m a is the globally defined fünfbein on S 5 . The Killing spinor equation (7.1) is motivated by the fact that it characterizes the supersymmetry of the AdS 5 × S 5 solution of IIB supergravity. Note that all Killing spinors in this section will be commuting.
In view of what follows it is useful to first discuss these Killing spinors in more detail. Since (7.1) is a first-order differential equation it allows for eight independent solutions. However, in five Euclidean dimensions, the Clifford algebra associated with the SO(5) gamma matrices has an automorphism group equal to Sp(1) ∼ = SU(2). Consequently one can choose six independent spinors that are not related by the action of the automorphism group, so that the orbit that is then swept out under the action of the SU(2) automorphism group will yield the two remaining independent spinors. Bilinears constructed from the Killing spinors that involve only the original SO(5) gamma matrices will necessarily be invariant under the automorphism group and therefore the number of independent spinor bilinears of this type will constitute 6 ⊗ 6 independent bilinears which decompose into 15 anti-symmetric and 21 symmetric components. This argument, which incidentally also plays a role when analyzing the number of degrees of freedom of the generalized vielbeine in section 5, explains why the bilinears produce precisely 15 independent Killing vectors. More specifically it follows that
where η 1,2 are two possible Killing spinors (withη ≡ η † ) and the indicesâ,b, . . . denote the components of the defining representation of the SO(6); in this background this SO(6) corresponds to the isometry group of the sphere S 5 . The fifteen Killing vectors are labeled with anti-symmetric pairs [âb] , and the Câb are constants. To prove this relation one can write the gamma matrices in terms of the original SO(5) gamma matrices and/or one can prove directly that the left-hand side of (7.2) is a solution of (7.1). Taking the derivative of the Killing vectors one finds another tensor that is also anti-symmetric in [âb] (note that indices are lowered/raised with the S 5 metricg mn and its inverse),
In five dimensions this tensor is known as a Killing tensor. It satisfies the equation
From the previous results one then derives e m ae n bη
After these observations we turn to the consistent truncation ansätze for the 10D fields. We start from eight independent Killing spinors, now labeled by indices i, j, . . . = 1, 2, . . . , 8, such that these spinors form an orthonormal basis in the USp(8) spinor space and are subject to a pseudo-reality condition,η
whereΩ ij and Ω AB are the symplectic matrices used before. The truncation for the fermions, the supersymmetry parameters and the space-time vielbein e µ α are then assumed to take the form, 3
Making this assumption will obviously restrict the USp(8) R-symmetry transformations to 8) and leaves the group structure intact by virtue of the conditions (7.6). Observe that the supersymmetry transformations for e µ α are consistent under this truncation. However, for the other bosons the truncation ansatz is more subtle.
To derive the truncation ansätze for the remaining bosons one first considers their supersymmetry variations into the fermions, defined according to (7.7) . For instance, consider (5.2), which will now take the form,
where
The consistency of the truncation now requires that the y-dependence of C µ M and V ij M will match. Before deriving some of the additional truncation results, let us first compare the situation regarding the compactification on the torus T 5 and the sphere S 5 . In the torus truncation all the fields C µ M will appear and will be independent of the torus coordinates y m . Consequently the generalized vielbeine V ij M will also be y-independent and they will be precisely equal to the corresponding quantities U ij M (x) that are a representative of the E 6(6) /USp(8) coset space. 4 The tensor fields C µν M can be gauged away in the torus truncation where they carry no additional information and they are simply dual to the vector fields. The situation for the S 5 compactification is different, as in this case the various 'physical' fields reside in both the C µ M and C µν M [33] . More precisely, in this case there are fifteen vector fields transforming in the adjoint representation of the SO(6) subgroup of E 6(6) and twelve tensor fields transforming as a direct product of the vector representation of the same SO(6) subgroup and the doublet represention of the SU(1, 1) subgroup of E 6(6) . The remaining vector and tensor fields in the sphere truncation are the duals of these 15 ⊕ 12 fields, which can be gauged away in the embedding tensor approach. This decomposition in terms of the expected vector and tensor fields must be reflected in the truncation ansätze for the vectors and tensors.
It is important to realize that the fields C µ M and C µν M are gauge fields, which excludes field-dependent multiplicative redefinitions. Given that the y-dependence should be extracted in the form of the geometric quantities associated with the sphere, it is rather obvious what the truncation ansätze should be. Let us first demonstrate this for the SU(1, 1) invariant vector and tensor fields, C µ m , C µ mn , C µν m and C µν mn , each of which can be decomposed into the fifteen Killing vectors or tensors according to
However, as explained above, in 5D one has only fifteen vector and fifteen tensor fields in the SU(1, 1) invariant sector, so that one must assume that A µâb (x) andÃ µâb (x) are identical up to a possible multiplicative constant; the same holds for the tensor fields B µνâb (x) andB µνâb (x). However, here and in the following we will not be concerned about numerical factors, also in view of the fact that we have not adopted specific normalizations for the Killing vectors and tensors. A similar decomposition applies to the generalized vielbeine V ij m , V ij mn , V m ij and V mn ij which appear in the variation of the above fields, 12) where, as we have explained above, U ijâb (x) and Uâb ij (x) are the (unique) components of the E 6(6) /USp(8) coset space satisfying
Note that the combined equations (7.11) and (7.12) ensure that the corresponding supersymmetry transformations are consistent under the truncation. Subsequently we consider the following identities that follow from direct calculation using the generalized vielbeine presented in section 5, after converting the USp(8) indices according to (7.10) 14) where g mn is the full (inverse) internal metric, which depends on the scalar fields. It is therefore different from the S 5 inverse metricg mn (y), unless the scalar fields take their background values. We remind the reader that the generalized vielbeine are pseudo-real so that the complex conjugate equalsV ij m ≡ V ij m * =Ω ikΩjk V kl m . Hence it follows that
]. This result is rather generic and was first found for 11D supergravity compactified on S 7 [46] with the prefactor ∆ −1 . For IIB supergravity compactified on S 5 the above result was established in [34, 21] . The next step is to study the consequences of the third identity (7.14) . Substitution of the generalized vielbeine leads to the equation
This identity has been derived in the context of generalized geometry [21] where the corresponding reduction manifold admits a generalized parallelization. The derivation above follows the same approach as the one followed in the context of 11D supergravity [4] , where it gave rise to the non-linear ansatz of the internal tensor A mnp . One term on the left-hand side should be modified in view of the fact that there is a non-zero background four-form potentialÅ mnpq because the five-form field strength is non-vanishing in this background. The term A mnpq on the left-hand side should therefore be replaced by A mnpq −Å mnpq . Subsequently we continue to the twelve vector and twelve tensor fields that transform under SU(1, 1), namely C µ α , C µ αm , C µν α and C µν αm , which should be decomposed into the twelve vector and and twelve tensor fields that one expects in 5D. However, in view of their number, it is not possible to expand these fields in terms of Killing vectors or tensors. Therefore we introduce the SO(6) vector fields Yâ(y) that satisfy Yâ(y) Yâ(y) = 1, whose parametrization in terms of the y m is based on the same SO(6)/SO(5) coset representative as all other geometric quantities of S 5 , such as the metric and the Killing vectors and tensors (see, e.g. [46] ). In that case one can parametrize the remaining vector and tensor fields in terms of the twelve expected 5D fields,
A similar decomposition now applies to the generalized vielbeine V ij α , V ij αm , V α ij and V αm ij which appear in the variation of the above fields, 18) where U ij αâ (x) and U αâ ij (x) are again related to specific components of the E 6(6) /USp(8) coset space that appear in the 5D theory. They satisfy
Now we consider the following identities that can be derived for the generalized vielbeine,
From these identities we can derive the following results upon substituting the above truncation ansätze,
The first result has recently been derived based on generalized geometry [21] , while the second result has been obtained long ago (under some mild assumptions) in [34] by using the same strategy as in this section. It is clear that so far we have probed only part of the possible identities that can be derived based on the results of this paper. At the same time, the mutual consistency of the various implications should also be carefully investigated, in the same way as this was done for 11D supergravity. It should be interesting to pursue these questions further.
A Decomposition of gamma matrices and spinors
We start from 32 × 32 hermitian gamma matricesΓ A , where A = 1, 2, . . . 10, satisfying the Clifford algebra anti-commutation relation, {Γ A ,Γ B } = 2 δ AB 1l 32 , and proceed in a way that is independent of a specific representation for these gamma matrices. The hermitian chirality operator,Γ 11 , is defined byΓ
and satisfiesΓ
Moreover we note the identity,
When considering compactifications from ten-to five-dimensional space-times, the 10D tangent space is decomposed accordingly into a direct product of two five-dimensional spaces, one corresponding to a five-dimensional space-time and one corresponding to a five-dimensional internal space. Since we are dealing with spinor fields, it is then important to identify the gamma matrices appropriate to this product space in terms of the original 10D gamma matrices. To do so one first decomposes the gamma matrices into two sets,Γ α with α = 1, 2, . . . , 5 and Γ a+5 with a = 1, 2, . . . , 5. 5 Subsequently one introduces hermitian matrices associated with the two five-dimensional sectors,
which satisfy the following properties,
Subsequently one defines two sets of mutually commuting hermitian gamma matrices,
The matricesγ α will refer to the five-dimensional space-time (to account for the signature one may write one of the five gamma matrices, sayγ 1 as iγ 0 ) and the matricesΓ a to the five-dimensional internal space. The matricesγ α andΓ a commute withΓ 11 , as one can easily verify from the above equations. It is important to note thatγ
where ε 12345 = +1. Obviously, by choosing an explicit representation for the 10D gamma matrices, one obtains explicit expressions for the various matrices that we have defined above which will reflect their properties. Let us now consider the charge conjugation matrix. In ten dimensions there exist two possible options for the charge conjugation matrix, denoted byC ± , satisfying
which lead to the following results,
From the first equation (A.9), it follows thatC ± satisfy 10) so that the two options for the charge conjugation matrix can simply be related by multiplication with Γ 11 . Furthermore we note that bothC ±Γ andC ±γ are symmetric and unitary matrices. Up to a phase factor, these can act as the charge conjugation matrices in the 5D context, as is demonstrated by
Similar relations hold for (C ±γ ).
To appreciate the significance of this result, let us consider the definition of the Dirac conjugate in the 5D context, defined by ψ † iγ 0 , whereγ 0 was related toγ 1 as explained below (A.6). From these relations it follows straightforwardly that the 5D Dirac conjugateψ 5D is related to the 10D conjugate according toψ
(A.12)
Consequently, identifying the Majorana conjugate defined in (2.18) in the 10D context with the one in the 5D context, one concludes that the charge conjugation matrix in the 5D context equalŝ
so thatĈ −1 ψ | 5D T = ψ c , and likewise ψ T =ψ c | 5DĈ −1 . As a consequence the two commuting sets of 32 × 32 gamma matrices,γ α andΓ a , satisfy the relations known from five dimensions,
This leads to the rearrangement formula,
where Γ denotes any matrix in the spinor space, which in all cases of interest takes the form a product of gamma matricesΓ a andγ α . Observe that the new charge conjugation matrix is not anti-symmetric, as one might expect on the basis of a single irreducible 5D Clifford algebra representation. We return to this issue shortly. In this paper we discuss the type-IIB theory where the spinor fields are chiral and complex. Therefore the above formulae have to be projected on an eigenspace of Γ 11 and the effective 5D gamma matrices defined in (A.6) are consistent with the 10D chirality constraint on the spinor fields, because they are proportional to an even number of the original 10D gamma matrices. However, it is important to realize that IIB supergravity contains independent spinor fields of opposite chirality, namely ψ M and λ. This leads to a subtlety in view of (A.7), which indicates that different chirality spinors involve inequivalent gamma matrix representations in 5D. However, one has to keep in mind that the chirality assignment can easily been changed in the 5D context by redefining the spinors by multiplication with one of the matrices (A.4).
Let us now assume that we are starting from 10D with fermion fields of positive chirality. Hence we can choose a Weyl basis whereΓ 11 is diagonal and make use of the fact that it commutes with the mutually commuting gamma matricesγ α andΓ a . Hence we writê 
The 10D chiral spinors thus transform under the direct product group Spin(1, 4) × USp(4), whose generators are provided by the anti-symmetrized products of gamma matrices, γ αβ and Γ ab , respectively. Correspondingly the charge conjugation matrixĈ can be written (adjusting possible phase factors) as the direct product of the two 5D anti-symmetric charge conjugation matrices,
where C denotes the anti-symmetric charge conjugation matrix for a 5D space-time spinor and Ω (4) is the symplectic matrix that is invariant under the USp(4) R-symmetry. In this case we may write (A.14) as
However, the chiral spinors are complex which implies that the fields (ψ, ψ c ), which constitute the 32-component spinor Ψ, can again be rearranged in a pseudo-real form as in (2.21). The doubling of field components enables one to realize the extension of the R-symmetry group from USp(4) × U(1) to USp (8) . It then follows from (2.21) that the extended USp (8) 
where Ω is an 8 × 8 anti-symmetric matrix. Both matrices C and Ω are anti-symmetric and unitary. We close this appendix with some additional definitions that will be useful in the next appendix B. First of all we write the anti-symmetric tensor Ω (4) as Ω (4)IJ and its complex conjugate as Ω (4) IJ , so that Ω (4)IJΩ(4) JK = −δ I K , where I, J, K = 1, . . . , 4. The gamma matrices Γ a are then written as Γ a I J , so that
with similar relations for (Γ aΩ(4) ) IJ and (Γ abΩ(4) ) IJ . The six matrices Ω (4)IJ and (Ω (4) Γ a ) IJ form a complete set of 4×4 anti-symmetric matrices, and the ten matrices (Ω (4) Γ ab ) IJ a complete set of 4 × 4 symmetric matrices This leads to the completeness relations
B The R-symmetry group and the fermion representations
In the previous appendix we considered a 10D chiral spinor and described its properties in the context of a product of a five-dimensional space-time and a five-dimensional internal space. The gamma matrices and the charge conjugation matrices were decomposed accordingly. The 10D spinors then transform under a subgroup of the original Spin(1, 9) transformations consisting of the Spin(1, 4) group associated with the 5D space-time and the group USp(4) associated with the internal space. However, USp (4) is not the full automorphism group (or R-symmetry group) of the eight symplectic Majorana spinors. This group is actually equal to USp (8) , which consists of the unitary transformations that leave the symplectic and unitary tensor Ω, invariant. The generators of this group can be easily identified in terms of direct products of the 4 × 4 gamma matrices Γ a , defined in (A.16), their anti-symmetrized products Γ ab and the unit matrix 1l 4 , and the 2 × 2 matrices (1l 2 , σ 1 , σ 2 , σ 3 ). As a result one derives all the 36 generators of the Lie algebra usp(8) = su(8)∩sp(8, R), by constructing the complete set of traceless and anti-hermitian matrices that preserve the symplectic form Ω,
As expected these matrices close under commutation,
Observe that the generaotrs are anti-hermitian and the structure constants are real, in agreement with usp(8) being a real form. The T ab 0 are the generators of the group USp(4) ∼ = SO(5). When extended with the generators T a one obtains the group SU(4) ∼ = SO(6) which obviously commutes with the generator T . As we will exhibit later, T corresponds to the SO(6) chirality operator. The latter commutes with the U(1) transformations of the original 10D theory. Clearly SU(4) × U(1) is a maximal subgroup of USp (8) .
A chiral 10D spinor Ψ can be decomposed into eight 5D symplectic Majorana spinors ψ A , where A = 1, . . . , 8. Note that from now on we employ indices A, B, . . . to label the symplectic Majorana spinors. The same indices were previously used in the 10D theory (in particular in section 2 and appendix A) to denote the 10D tangent-space components. This should not give rise to confusion in view of the fact that the 10D tangent space will no longer play a role in what follows. In view of the direct-product structure indicated in (B.1) the indices A can be written as index pairs A = (Iα), where I = 1, . . . , 4 are USp(4) indices and α = +, −. Here α = + (α = −) indicates that we are dealing with a chiral (anti-chiral) SO(6) spinor with positive (negative) U(1) charge 6 . Based on this direct-product structure the eight 5D gravitini ψ µ A transform under the USp(8) R-symmetry group with generators that can be read off directly from (B.1). It is thus clear that that each of the ψ µ A decomposes into two components of opposite SO (6) where C denotes the charge conjugation matrix associated with the five-dimensional space-time.
Let us now turn to the spin-1/2 fermions which originate from the fields (ψ a , ψ a c ) and λ, λ c and constitute 48 independent 5D symplectic Majorana spinors. From 5D maximal supergravity we know that these spinors can be written as a symplectic traceless, fully anti-symmetric threerank USp(8) tensor χ ABC . This is consistent with the fact that the spin-1/2 fields carry U(1) charges ±1/2 and ±3/2. We intend to determine the (linear) relation between the components of χ ABC and the fields ψ a A and λ A by making use of the fact that these fields do all transform consistently under the action of the maximal subgroup SU(4) × U(1) of USp (8) . To see how this works let us present the branching of ψ µ A and χ ABC under the SU(4) × U(1) subgroup, The chiral representations on the right-hand side are now unambiguously identified by the corresponding U(1) charge, so that they must correspond to the fields ψ µ , ψ µ c , and λ, λ c , ψ a and ψ a c , respectively. 7 After these general observations we determine the precise relationship between the various chiral components, which must carry positive U(1) charges and are thus related to the fields λ and ψ a . Writing the three indices of the symplectic Majorana fields χ ABC in the direct-product representation introduced before, with A = Iα, B = Jβ and C = Kγ. In addition the fields should vanish upon contraction with the symplectic matrix Ω Iα Jβ that was defined in (A.20). Since α, β, γ take only two possible index values, two of them must always be equal. Hence we may distinguish the fields χ I± J± K± , which must be fully anti-symmetric in the indices I, J, K, and thus correspond to 4 + 4 symplectic Majorana fields, and the fields χ I± J± K∓ , which are anti-symmetric in the indices I, J, and thus define 24 + 24 fields. The remaining fields χ Iα Jβ Kγ follow then from imposing the overall anti-symmetry. However, unlike the fields χ I± J± K± , the fields χ I± J± K∓ are not manifestly traceless with respect to contractions with the symplectic matrix Ω. This implies that one must impose the additional condition , which must be linearly related to the 10D spinor λ. The former must be given by χ I+ J+ K+ , which must necessarily be fully anti-symmetric in USp (4) where c 3/2 is a complex proportionality factor which is undetermined at this stage. The fields with charge − whereψ a = ψ a + α Γ a Γ b ψ b with α, so that we have now introduced two new parameters, c 1/2 and α whose values will be given later. The linear combination in (B.9) is chosen such that the USp(8) constraint (B.5) is satisfied. An alternative version of (B.9), which is the one that we will actually use, is Hence we have obtained the linear relation between χ ABC and the original 10D spinors, depending on three unknown complex constants, c 3/2 , c 1/2 c ′ 1/2 . Their values are determined in section 5, as we will be discussing at the end of this appendix.
We will now merge the chiral and anti-chiral spinors with opposite U(1) charges into eightcomponent symplectic Majorana spinors. In that case it is convenient to introduce SO(6) gamma matrices and chiral projection operators. The 8 × 8 gamma matrices (Γâ) A B , whereâ = 1, . . . , 6, are defined in terms of direct products of 4 × 4 and 2 × 2 matrices, just as in (B.1), Observe that Γ 7 is hermitian and behaves under charge conjugation as Ω Γ 7 Ω −1 = −Γ 7 T . Furthermore Γ 7 coincides with the U(1) charge that was already present in the original 10D theory. The gamma matrices Γâ and their multiple anti-symmetrized products define a complete basis for matrices in the 8-dimensional spinor space. They can conveniently decomposed into 28 anti-symmetric matrices Ω, ΩΓâ, ΩΓâΓ 7 and ΩΓâbΓ 7 , and 36 symmetric matrices ΩΓ 7 , ΩΓâb and ΩΓâbĉ. The latter are related to the anti-hermitian generators of USp (8) We have now obtained a parametrization of the relation between the fields χ ABC and the fields λ, λ c , ψ a and ψ a c originating from the 10D theory in terms of (anti-)chiral components.
This relation is in accordance with the SU(4) × U(1) branching of the spinor fields presented in (B.4). The resulting expressions for given charges were given in (B.7), (B.8), (B.10), (B.12), which can be converted in terms of the SO(6) gamma matrices Γâ. Since we have established this relation for chiral and anti-chiral components separately, it is convenient to introduce chiral projection operators P ± = Here we shoud stress that this form of the solution is not unique as it can be rewritten by Fierz reordering. In section 5 we have presented an equivalent but shorter expression.
